Introductions
It is a classical theorem of Kodaira [1] that if the first cohomological group of the normal bundle is zero, then the deformation of a compact complex submanifold within the ambient complex manifold is unobstructed. However, it is usually difficult to check if such a cohomological group is indeed zero. Furthermore, as showed in §2, in some cases, it will never be zero.
In this short note, we are going to prove: if the deformation of the complex structure of a compact complex manifold M is unobstructed in the sense of Kodaira and Spencer, and if M → V is an embedding to the complex manifold V and H 1 (M, T V | M ) = 0, then any fiber in a neighborhood of the universal deformation space U at M can be embedded holomorphically to V .
Contrary to the case of normal bundle, it will be relatively easy to check the vanishing of the group H 1 (M, T V | M ). For example, if the curvature of the manifold V has some kinds of positivity along M, then the group vanishes.
The typical examples of M are compact Calabi-Yau manifolds. Those manifolds admit Kähler metric with zero Ricci curvature. In Tian [3] , it is proved that the deformation of the complex structure of a Calabi-Yau manifold is unobstructed. The moduli space of a polarized Calabi-Yau manifold is then a complex orbifold.
We use the similar method as that of Kodaira [1] . That is, we construct a formal power series which gives the map we want. Then we prove the convergence of the power series. Fortunately, in our case, the original method in [1] of proving the convergence can also be applied here.
Analytic families of compact submanifolds
Suppose M is a compact complex manifold. We assume that the deformation of the complex structure of M is unobstructed. That is, the universal deformation space U of M is a complex manifold near M with complex dimension dim H 1 (M, T M ), where T M denotes the holomorphic tangent bundle of M.
If M is a Calabi-Yau manifold, then the deformation of the complex structures on M is unobstructed by a theorem of Tian [3] .
We use the notations and definitions in [1] .
By an analytic family of compact submanifolds of dimension n of N we shall mean a pair (M, U) of a complex manifold U and a complex analytic submanifold M of N × U of co-dimension r which satisfies the following two conditions:
2). for each point p ∈ M, there exist r holomorphic functions
and in U p , the submanifold M is defined by the simultaneous equations
We call U the parameter manifold or the base space of the family (N, U). We denote the family (N, U) simply by N when we need not indicate the base space U. For each point t ∈ U, we set 
We state the main result of this paper. 
Proof:
It is obvious that for fixed t, (z
We further assume that U j is defined by
is the local holomorphic coordinate chart of N on V A . And we have transition functions h AB on
And again, we assume
For the sake of simplicity, we denote j for A(j). In order to construct f , we need only have to construct holomorphic mappings (f j ) such that
We set up some notations. Let
be the decomposition of f k (z k , t) into homogeneous polynomials of t of degree m. Of course, each f k 's and f k|m 's are vector valued functions
and let a ≡ m b means a − b is of polynomial of t of degree bigger than or equal to m + 1. We construct f k|m inductively. First, set
It is easy to check that
where h jk = (h 
Proof of the Claim: By Equation (2.3), we have
We have
On the other hand
The claim is proved.
Suppose U = (U j ) is the covering of M, we see from Equation (2.4)
and by the assumption, the latter is zero. So we can find {Ψ j } such that
With this definition, we have
Now we have got a formal series
which satisfies Equation (2.2) for any m. If it converges, then f k 's and f will be holomorphic and f will satisfy Equation (2.1). We put off the proof of the convergence to the next section. At this moment, we assume the convergence is true.
By continuity, for fixed t, t being sufficiently small, f will be an immersion on π −1 (t). We claim that for sufficiently small t, f is an embedding. Suppose not, then we can find t n → 0 and x n , y n ∈ π −1 (t n ) such that x n = y n but f (x n , t) = f (y n , t). Suppose x n → x and y n → y. We see x = y, otherwise it will contradict to the fact that i is an embedding. But if x = y, it will contradict to the fact that f is an immersion on each fiber. Now we give an important example of manifolds such that 
Proof: From the Euler exact sequence
We have the long exact sequence
By Kodaira Vanishing theorem
By Dolbeault theorem and Serre Duality H 2 (M, O) = 0, we have
can also be embedded to the same CP D for small t.
The following example showed that in general,
Proof: We have the exact sequence:
So the long exact sequence gives
However, by Serre Duality,
And it is easy to see from the Euler Sequence (2.6) that dim
and is not zero.
The Convergence
Now we shall show that the power series f k (z k , t) in Equation (2.5) for all k ∈ I, converge for |t| < ε 0 , ε 0 being a sufficiently small positive number, provided that we choose for each m the homogeneous polynomials f k|m+1 (z k , t), k ∈ I, satisfying in a proper manner.
For any vector ξ = (ξ 1 , ξ 2 , · · · , ξ λ , · · · ), we define
in u 1 , · · · , u q whose coefficients ξ lm,··· ,n are vector valued functions of z and a power series
We indicate by writing ξ(z, u) ≪ a(u) that
n where a and b are positive constants. We have
For our purpose it suffices to prove the inequalities
In what follows we denote by c 0 , c 1 , c 2 , · · · positive constants which are greater than 1. We may assume that
For the sake of simplicity, we denote f
. Then for sufficiently large a, we have
Now assuming the inequalities
for an integer m ≥ 1, we shall estimate the coefficients of the homogeneous polynomials Ψ ik (z, t). We expand h ik and g ik into power series, whose coefficients are vector values holomorphic functions:
Recall that in Equation (2.3) 
we obtain therefor
We fix a positive number δ such that {U δ i |i ∈ I} forms a covering of M. Take a point z ∈ U k ∩ U δ i and let z k and z j be the local coordinates of z on U k and U j respectively. Obviously, we have z j = g jk (z k , 0), |z k | < 1, |z j | < 1 − δ
Letting y = (y 1 , · · · , y n ), we expand the coefficients of polynomial f m i (z j + y, t) into power series. Suppose |y| < δ, we have We take arbitrary point z ∈ U k ∩ U i and choose a domain U δ j , which contains z, then
Let c 3 = 2c 0 (2c
The following lemma can be proved by an elementary consideration. [2] . Lemma 3.1. We can choose the homogeneous polynomials Ψ i , i ∈ I satisfying
